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We discuss a class of teleparallel scalar-torsion theories of gravity, which is parametrized by five
free functions of the scalar field. The theories are formulated covariantly using a flat, but non-
vanishing spin connection. We show how the actions of different theories within this class are
related via conformal transformations of the tetrad and redefinitions of the scalar field, and derive
the corresponding transformation laws for the free function in the action. From these we construct
a number of quantities which are invariant under these transformations, and use them to write the
action and field equations in different conformal frames. These results generalize a similar formalism
for scalar-tensor theories of gravity, where the invariants have been used to express observables
independently of the conformal frame.
I. INTRODUCTION
An important and well-studied class of gravity theories, which have been used to address cosmological observations
such as the accelerating expansion of the Universe at present and early times in its history, is given by scalar-tensor
gravity theories [1, 2]. These theories have in common that they contain one or more scalar fields, which in general
is non-minimally coupled to the metric of spacetime. The gravitational dynamics of the theory is then determined
through the curvature of the Levi-Civita connection of the metric, as well as the dynamics of the scalar fields. A class
of such theories of particular interest is defined in terms of four free functions in the action functional, where any
specific choice of these functions defines a concrete theory [3].
An curious property of the aforementioned class of scalar-tensor theories is their behavior under conformal transfor-
mations. It has been shown that said transformations constitute maps between different theories within this class [3].
It is an ongoing debate whether these conformally related theories are equivalent in their physical predictions [4–11].
An important contribution to this debate is the definition of a number of invariant quantities, which can then be used
to express physical observables such that they become independent of the choice of the conformal frame [12, 13].
Another thoroughly studied class of gravity theories is given by teleparallel models of gravity, where the gravitational
interaction is attributed not to the curvature of the Levi-Civita connection, but to the torsion of a flat connection [14–
17]. The underlying teleparallel geometry provides another possible starting point for constructing new gravity theories
by coupling scalar fields to torsion, and a number of such models have been studied [18–23], as well as the question of
conformal transformations. However, in these studies it is conventional to assume a fixed, vanishing spin connection,
which potentially leads to the issue of local Lorentz symmetry breaking [24, 25], as spurious degrees of freedom
may appear [19, 26–28], and only recently the covariant formulation of teleparallel gravity [29] has been adopted to
scalar-torsion gravity [30].
The aim of our work is to combine several aspects of the aforementioned studies. We study a class of teleparallel
scalar-torsion theories of gravity in the covariant formulation, which is constructed in analogy to the aforementioned
class of scalar-(curvature)-tensor gravity theories, and contains scalar-tensor gravity as a subclass. Any specific
theory of this class is determined by a particular choice of five free functions of the scalar field. We study the
behavior of these theories under conformal transformations of the underlying teleparallel geometry, and show that
such transformations relate different theories to each other. We then show that such classes of conformally related
theories can be characterized by a number of invariant quantities, in full analogy to their scalar-tensor counterparts,
and use these to define particular conformal frames.
This article belongs to a series of three articles on teleparallel scalar-torsion theories of gravity in the covariant
formulation. In the first article [31] we discussed the most general class of theories in which a scalar field is coupled
to the tetrad and spin connection of teleparallel gravity, with the only restriction that the action is invariant under
local Lorentz transformations and the matter fields do not couple to the spin connection (while allowing a coupling
to the scalar field). The results derived in the first article were then used and applied to a particular subclass of
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2scalar-torsion theories, which we called L(T,X, Y, φ) theories, in the second article [32]. The class of theories we
discuss in this article is a further restriction of the aforementioned class of L(T,X, Y, φ) theories.
The outline of this article is as follows. In section II we briefly review the dynamical fields of scalar-torsion theory
based on teleparallel geometry and define the class of theories we consider here by giving their action functionals. The
field equations for this class of theories are shown in section III. We then turn our focus to conformal transformations.
In section IV we derive how conformal transformations and scalar field redefinitions act on the scalar-torsion action.
We then identify a set of invariant quantities under these transformations in section V. These are used to define
particular conformal frames in section VI. In section VII we show how these results can be generalized to multiple
scalar fields. Specific examples are shown in section VIII, in particular the relation to scalar-tensor theories of gravity.
We end with a conclusion in section IX.
II. DYNAMICAL FIELDS AND ACTION
We start our discussion by introducing the dynamical fields and for the class of teleparallel scalar-torsion theories
we consider in this article. Similarly to our previous work [31, 32] the dynamical fields are given by a coframe field
θa = θaµdx
µ, a flat spin connection
•
ωab =
•
ωabµdx
µ and a scalar field φ. The frame field dual to the coframe field
θa will be denoted ea = ea
µ∂µ. We denote quantities related to the flat spin connection with a bullet (•). This in
particular applies to the torsion tensor
T ρµν = ea
ρ
(
∂µe
a
ν − ∂νe
a
µ +
•
ωabµe
b
ν −
•
ωabνe
b
µ
)
, (1)
the superpotential
Sρµν =
1
2
(Tνµρ + Tρµν − Tµνρ)− gρµT
σ
σν + gρνT
σ
σµ (2)
and the torsion scalar
T =
1
2
T ρµνSρ
µν . (3)
Here we made use of the metric
gµν = ηabθ
a
µθ
b
ν , (4)
where ηab = diag(−1, 1, 1, 1) is the Minkowski metric. Quantities associated to the Levi-Civita connection
◦
∇µ will be
denoted with an open circle (◦). Further, we define the scalar field kinetic term
X = −
1
2
gµνφ,µφ,ν , (5)
as well as the derivative coupling term
Y = gµνT ρρµφ,ν , (6)
which will enter the gravitational action introduced below.
The class of scalar-torsion theories we consider in this article has been studied, e.g., in the context of f(T,B)
theories [33], where
B =
◦
R+ T = 2
◦
∇νTµ
µν . (7)
The gravitational part of the action we use here is given by
Sg
[
θa,
•
ωab, φ
]
=
1
2κ2
∫
M
[
−A(φ)T + 2B(φ)X + 2C(φ)Y − 2κ2V(φ)
]
θd4x , (8)
where A,B, C,V are free functions of the scalar field and θ = det θaµ is the volume element of the tetrad. Note that
the action is reminiscent of scalar-tensor gravity, where a similar class of actions may be considered [3]. This similarity
3is not by accident, and we will explore it further in section VIIID. One immediately sees that this action is of the
form
Sg
[
θa,
•
ωab, φ
]
=
∫
M
L (T,X, Y, φ) θd4x , (9)
where the Lagrangian is given by
L =
1
2κ2
[−A(φ)T + 2B(φ)X + 2C(φ)Y ]− V(φ) . (10)
This class of actions has been studied in our previous work [32], and it follows that all results derived therein also
apply to the theories we study in this article. We will make use of this relation in the following section for deriving
the field equations.
We further remark that alternatively we could study the action
Sg
[
θa,
•
ωab, φ
]
=
1
2κ2
∫
M
[
−A(φ)T + 2B(φ)X − C˜(φ)B − 2κ2V(φ)
]
θd4x , (11)
which is equivalent to the action (8) for C = C˜′, up to a boundary term. However, we will not do so for two reasons.
First, the action (11) allows for an arbitrary shift C˜ 7→ C˜ + C˜0 of the function C˜ by a constant C˜0, which changes
the action by a boundary term, and hence does not alter the field equations. This arbitrariness is not present in the
action (8). Further, we will see in section VII that the action (8) allows for a larger class of generalizations to multiple
scalar fields, which affects the possibilities to choose particular conformal frames.
In addition to the gravitational part of the action, we now define a matter part. Also in analogy to scalar-tensor
gravity we consider a matter coupling to a conformally rescaled tetrad, such that the matter action is of the form
Sm[θ
a, φ, χI ] = SJm
[
eα(φ)θa, χI
]
= SJm
[
θJ a, χI
]
, (12)
with another free function α of the scalar field, and where we defined θJ a = eα(φ)θa. The notation involving a
superscript J will be explained in section VIA. For the variation of the matter action we write
δSm[θ
a, φ, χI ] =
∫
M
(
Θa
µδθaµ + ϑδφ+̟Iδχ
I
)
θd4x . (13)
It follows from the structure (12) of the matter action that its variation can also be written as
δSJm
[
θJ a, χI
]
=
∫
M
(
ΘJa
µδθJ aµ +̟
J
I δχ
I
)
θJd4x =
∫
M
[
ΘJa
µeα (δθaµ + α
′θaµδφ) +̟
J
I δχ
I
]
θJd4x . (14)
By comparing with the general variation (13) of the matter action we find that the matter terms Θa
µ and ϑ, which
appear as coefficients of the variations δθaµ and δφ and which will enter the scalar and tetrad field equations, are
related by
ϑ = α′θaµΘa
µ = α′Θ . (15)
We will make use of this relation when we display the field equations. These will be discussed in the following section.
III. FIELD EQUATIONS
We now come to the field equations for the class of scalar-torsion theories introduced in the previous section, which
are derived from the action (8) and (12). For brevity, we will not display the full derivation of the field equations
here, but make use of the relation (10) to the class of theories defined by the action (9), whose field equations have
been derived explicitly in our previous work [32].
It follows from the structure of the dynamical fields that there are field equations derived by variations of the tetrad,
the flat spin connection and the scalar field. However, it follows from the local Lorentz invariance of the action that
the connection field equations are identical to the antisymmetric part of the tetrad field equations, so that the spin
connection becomes a pure gauge degree of freedom, and only the symmetric part of the tetrad field equations remains
independent; see [31] for a detailed discussion. Here we make use of this fact and display only the independent parts
4of the field equations. For this purpose we compare the action with that of the more general L(T,X, Y, φ) theory [32]
and derive the terms
LT = −
A(φ)
2κ2
, LX =
B(φ)
κ2
, LY =
C(φ)
κ2
, Lφ =
1
2κ2
[−A′(φ)T + 2B′(φ)X + 2C′(φ)Y ]− V ′(φ) . (16)
which enter the gravitational field equations. We start with the symmetric part of the tetrad field equations, which
take the form
A
′S(µν)
ρφ,ρ +
1
2
A
(
2
◦
∇ρS(µν)
ρ
− S(µ
ρσTν)ρσ + Tgµν
)
+
(
1
2
B − C
′
)
φ,ρφ,σg
ρσgµν
− (B − C′)φ,µφ,ν + C
(
S(µν)
ρφ,ρ +
◦
∇µ
◦
∇νφ−
◦
φgµν
)
+ κ2Vgµν = κ
2Θµν , (17)
where we used the fact that
S(µν)
ρφ,ρ = T(µν)
ρφ,ρ + T
ρ
ρ(µφ,ν) − Tρ
ρσφ,σgµν . (18)
We can further simplify this expression using the identity
◦
∇ρS(µν)
ρ −
1
2
S(µ
ρσTν)ρσ +
1
2
Tgµν =
◦
Rµν −
1
2
◦
Rgµν (19)
for the Einstein tensor, such that the symmetric part of the tetrad field equations finally reads
(A′ + C)S(µν)
ρφ,ρ +A
(
◦
Rµν −
1
2
◦
Rgµν
)
+
(
1
2
B − C′
)
φ,ρφ,σg
ρσgµν
− (B − C′)φ,µφ,ν + C
(
◦
∇µ
◦
∇νφ−
◦
φgµν
)
+ κ2Vgµν = κ
2Θµν . (20)
The antisymmetric part of the tetrad field equations, which is identical to the connection field equations, is given by
(A′ + C)T ρ[µνφ,ρ] = 0 . (21)
Finally, the scalar field equation takes the form
1
2
A
′T − B
◦
φ−
1
2
B
′gµνφ,µφ,ν + C
◦
∇µTν
νµ + κ2V ′ = κ2α′Θ , (22)
where the trace Θ = θaµΘa
µ = gµνΘµν of the energy-momentum tensor enters the scalar field equation through the
relation (15). These are the field equations for the class of theories defined by the action (8) and (12).
If one naively tries to solve these field equations one encounters the difficulty that the scalar field equation (22)
contains second derivatives of both the tetrad and the scalar field. In order to find solutions, it is more convenient
to remove the second derivatives of the tetrad by a suitable linear combination of the tetrad field equations; this
procedure is also called “debraiding” [34]. Using the identity Sµ
µν = −2Tµ
µν , we take the trace
− 2 (A′ + C)Tµ
µνφ,ν −A
◦
R+ (B − 3C′) gµνφ,µφ,ν − 3C
◦
φ+ 4κ2V = κ2Θ (23)
of the symmetric part (20). Together with the relation (7) we find the debraided scalar field equation
(A′+C) (AT − 2CTµ
µνφ,ν)−
(
2AB + 3C2
) ◦
φ+(BC−AB′−3CC′)gµνφ,µφ,ν+2κ
2(AV ′+2CV) = κ2(2Aα′+C)Θ . (24)
We see that the trace Θ may act as the source of the scalar field through the coupling term Y in the gravitational
action (8) also when the matter action (12) is independent of the scalar field. Hence, it is reasonable to say that the
scalar field is minimally coupled when the debraided equation (24) is source-free, 2Aα′ + C = 0; otherwise, we call it
non-minimally coupled.
The debraided scalar field equation (24) contains no second derivatives of the tetrad. However, it is not possible to
remove the second derivatives of the scalar field from the tetrad field equations (20) by the same procedure. In order
to achieve a full debraiding of this type, one has to perform a conformal transformation to a particular frame. We
will discuss conformal transformations in the following section, and show how this debraiding is done in section VIC.
5IV. CONFORMAL TRANSFORMATIONS
We now discuss the behavior of the action (8) and (12) introduced in section II under conformal transformations
of the tetrad and redefinitions of the scalar field. Under this type of transformation the dynamical variables change
according to
θ¯aµ = e
γ(φ)θaµ , e¯a
µ = e−γ(φ)ea
µ , φ¯ = f(φ) , (25)
while the spin connection
•
ωab and matter variables χ are not affected. As a consequence, also the terms in the
gravitational part (8) of the action change according to the rules
T¯ = e−2γ
(
T + 4γ′Y + 12(γ′)2X
)
, Y¯ = e−2γf ′(Y + 6γ′X) , X¯ = e−2γ(f ′)2X ; (26)
see [32] for a more detailed derivation.
We then consider a different action functional S¯ with gravitational part S¯g and matter part S¯m, which is obtained
from the original action (8) and (12) by replacing the parameter functions A,B, C,V , α with a new set of parameter
functions A¯, B¯, C¯, V¯ , α¯. Evaluating this new action functional for the transformed fields θ¯a and φ¯ we find, making use
of the relations (25) and in turn also (26), that the gravitational part S¯g of the new action satisfies
S¯g
[
θ¯a,
•
ωab, φ¯
]
=
1
2κ2
∫
M
[
−A¯(φ¯)T¯ + 2B¯(φ¯)X¯ + 2C¯(φ¯)Y¯ − 2κ2V¯(φ¯)
]
θ¯d4x
=
1
2κ2
∫
M
{
− e2γ(φ)A¯(f(φ))T + 2e2γ(φ)
[
C¯(f(φ))f ′(φ) − 2A¯γ′(φ)
]
Y − 2κ2e4γ(φ)V¯(f(φ))
+ 2e2γ(φ)
[
B¯(f(φ))f ′2(φ) − 6A¯(f(φ))γ′2(φ) + 6C¯(f(φ))f ′(φ)γ′(φ)
]
X
}
θd4x ,
(27)
while for its matter part S¯m holds
S¯m
[
θ¯a, φ¯, χI
]
= SJm
[
eα¯(φ¯)θ¯a, χI
]
= SJm
[
eα¯(f(φ))+γ(φ)θa, χI
]
. (28)
By comparison to the original action (8) and (12) we find that the new action S¯, evaluated at the transformed (barred)
fields, reproduces the original action S, evaluated at the untransformed (unbarred) fields,
S¯g
[
θ¯a,
•
ωab, φ¯
]
= Sg
[
θa,
•
ωab, φ
]
, S¯m
[
θ¯a, φ¯, χI
]
= Sm
[
θa, φ, χI
]
, (29)
provided that the parameter functions of the two actions are related to each other by the rules
A = e2γA¯ , (30a)
B = e2γ
(
B¯f ′2 − 6A¯γ′2 + 6C¯f ′γ′
)
, (30b)
C = e2γ
(
C¯f ′ − 2A¯γ′
)
, (30c)
V = e4γ V¯ , (30d)
α = α¯+ γ . (30e)
Here we have omitted the function arguments for brevity; it is understood that transformed (barred) functions depend
on φ¯ = f(φ), while all other (unbarred) functions depend on φ. Hence, we may say that the action functionals S and
S¯, with parameter functions related by (30), are related by the conformal transformation (25). Since they are of the
same form, we may also say that the transformation (25) preserves the form of the action.
We finally remark that the transformation of the matter action also induces a transformation of the matter terms
in the field equations, which can be written in the form
Θµν = e
2γΘ¯µν , Θ = e
4γΘ¯ , ϑ = e4γ(γ′Θ¯ + f ′ϑ¯) ; (31)
see [32] for a detailed derivation. These relations will be used later, when we apply the conformal transformations to
the field equations. Note also that the transformations (31), together with the relation (30e), preserve the relation (15)
in the sense that θ¯ = α¯′Θ¯.
One can see from the transformation behavior (30) of the parameter functions that there exist particular quanti-
ties constructed from these functions which transform trivially under conformal transformations. We will explicitly
construct such quantities in the following section.
6V. INVARIANT QUANTITIES
We have seen in the previous section that the class of theories we consider in this article exhibits a form invariance of
their actions under conformal transformations of the tetrad and redefinitions of the scalar field. This form invariance
and the corresponding transformation (30) of its constituting parameter functions A,B, C,V , α is reminiscent of scalar-
tensor gravity, where a similar transformation behavior can be found [3]. In the latter class of theories it has motivated
the introduction of a set of invariant functions [12]; these functions have subsequently been used to express a number
of physical observables in a frame independent form [35–38]. We now show that the same type of invariants can also
be introduced for the class of scalar-torsion theories we consider here, and we expect them to be of similar use for
expressing physical observables independently of the choice of the conformal frame, as we will argue in more detail
towards the end of this section.
From the transformation rules (30a), (30d) and (30e) one can see immediately that the functions
I1 =
e2α
A
, I2 =
V
A2
(32)
are invariant under conformal transformations and scalar field redefinitions. Here invariance means that under a
transformation of the form (25) they change according to
I¯i(φ¯(x)) = I¯i(f(φ(x))) = Ii(φ(x)) , (33)
which means that the functional forms of Ii and I¯i differ, but their values evaluated at each spacetime point x agree,
provided that the scalar field is appropriately transformed, for i = 1, 2. In contrast, the functions F and H defined by
F =
2AB − 3A′[2C +A′]
4A2
, H =
C +A′
2A
. (34)
are invariant under conformal transformations of the tetrad, but transform covariantly under redefinitions of the scalar
field. This means that they incur an additional factor, and transform as
F¯(φ¯) =
1
f ′2(φ)
F(φ) , H¯(φ¯) =
1
f ′(φ)
H(φ) , (35)
as can be seen from the transformation rules (30b) and (30c). The same behavior can be found also for the quantities
G =
B − 6α′[C + α′A]
2e2α
, K =
C + 2α′A
2e2α
, (36)
i.e., they likewise transform as
G¯(φ¯) =
1
f ′2(φ)
G(φ) , K¯(φ¯) =
1
f ′(φ)
K(φ) . (37)
They are related to the previously defined invariants by the relations
F = I1G + 3
I ′1
I1
(
I1K −
I ′1
4I1
)
, H = I1K −
I ′1
2I1
. (38)
The invariant K is closely related to the notion of minimal coupling we introduced at the end of section III. We see
that the scalar field is minimally coupled, i.e., the debraided field equation (24) is source-free, if and only if K = 0.
This condition is invariant under conformal transformations and scalar field redefinitions.
The are numerous possibilities to construct further invariants from those introduced above. For example, one may
find quantities which are also invariant under scalar field redefinitions by taking the indefinite integrals∫ √
F(φ)dφ ,
∫
H(φ)dφ , (39)
and similarly for G and K. Also note that quotients I ′i/I
′
j of invariants are again invariants, and that one may form
invariant derivative operators; however, we will not pursue this direction further within the scope of this article, since
these constructions are identical to those that may be defined in the case of scalar-tensor theories of gravity [12].
Instead, we will make use of the invariants to construct particular conformal frames, and derive expressions for the
action functional and field equations which are invariant under conformal transformations. This will be done in the
next section.
7VI. CONFORMAL FRAMES
We have seen in section IV that under a conformal transformation of the tetrad and a redefinition of the scalar
field of the form (25) the action (8) and (12) retains its form, provided that the defining functions of the scalar field
are also transformed using the rules (30). This freedom of transforming the action is also present in scalar-tensor
theories of gravity, where it is commonly used to transform the action into two particular classes of parametrizations,
known as Jordan and Einstein frames, in which the action and field equations exhibit additional properties. It has
further been shown that these frames in scalar-tensor theories of gravity can be expressed in terms of a particular
set of invariant quantities. We will now show that the same is possible also for the class of scalar-torsion theories we
discuss in this article, making use of the invariants we defined in the preceding section.
We start by making use of the similarity to scalar-tensor gravity to define the Jordan frame in section VIA and
the Einstein frame in section VIB. We will see that in contrast to scalar-tensor gravity, the naively defined Einstein
frame does not to a complete debraiding of the scalar and tetrad field equations, as discussed at the end of section III.
However, we will define another frame in section VIC in which this debraiding is obtained. Note that we will leave
the scalar field unchanged in this section, φ¯ = φ, unless otherwise noted.
A. Jordan frame
We start with the Jordan frame, whose associated tetrad we define as
θJ a = eγ
J(φ)θa = eα(φ)θa , γJ(φ) = α(φ) . (40)
It follows directly from this definition that the Jordan frame tetrad is invariant under conformal transformations and
scalar field redefinitions of the original field variables in the sense that
θJ a = eα(φ)θa = eα¯(φ¯)+γ(φ)θa = eα¯(φ¯)θ¯a = θ¯J a . (41)
Using the definition (40) for the function γJ, substituting it into the transformation rules (30) and comparing the
obtained transformed (barred) parameter functions with the invariants detailed in section V, we find the relations
AJ =
1
I1
, BJ = 2G , CJ = 2K , VJ =
I2
I21
, αJ = 0 , (42)
where we have replaced the bars with superscripts J, in order to indicate that this is the Jordan frame parametrization.
The action can now be written in the form
SJ
[
θJ a,
•
ωab, φ, χ
I
]
=
1
2κ2
∫
M
[
−
1
I1(φ)
T J + 4G(φ)XJ + 4K(φ)Y J − 2κ2
I2(φ)
I21 (φ)
]
θJd4x+ SJm
[
θJ a, χI
]
. (43)
A number of remarks are in order. First, note that the matter action functional in the Jordan frame action (43)
agrees with the action functional we used in the definition (12) of the matter action; this is the reason for using the
notation involving the superscript J. Further, we see that SJm depends only on the Jordan frame tetrad and matter
fields, and carries no additional, explicit dependence on the scalar field besides the implicit dependence through the
definition (40). This is the most important advantage and typical reason for using the Jordan frame, since also the
resulting matter field equations ̟JI = 0 are expressed in terms of the Jordan frame tetrad and matter fields only,
without further dependence on the scalar field. It further follows that the term ϑJ obtained from varying the matter
action SJm with respect to the scalar field, while keeping the Jordan frame tetrad fixed, vanishes, and hence does not
appear in the field equations, which we will show below.
We also remark that the gravitational part of the Jordan frame action (43) is defined only up to a redefinition of
the scalar field. This means that we may we define a different Jordan frame action S¯J by replacing the invariant
parameter functions I1, I2,G,K by their barred counterparts I¯1, I¯2, G¯, K¯, which we then evaluate at the transformed
scalar field,
S¯J
[
θJ a,
•
ωab, φ¯, χ
I
]
=
1
2κ2
∫
M
[
−
1
I¯1(φ¯)
T J + 4G¯(φ¯)X¯J + 4K¯(φ¯)Y¯ J − 2κ2
I¯2(φ¯)
I¯21 (φ¯)
]
θJd4x+ SJm
[
θJ a, χI
]
. (44)
Substituting φ¯ = f(φ) we then find that the new action S¯J, evaluated at φ¯, agrees with the original action SJ,
evaluated at φ, provided that their defining parameter functions obey the transformation rules (33) and (37). Note
that we do not need to transform the matter part of the action (43) here, as it is independent of the scalar field.
8We now express the field equations in the Jordan frame. The symmetric tetrad field equations
2
H
I1
SJ(µν)
ρφ,ρ +
1
I1
(
◦
RJµν −
1
2
◦
RJgJµν
)
+ (G − 2K′)φ,ρφ,σg
J ρσgJµν
− 2(G − K′)φ,µφ,ν + 2K
(
◦
∇
J
µ
◦
∇
J
νφ−
◦

JφgJµν
)
+ κ2
I2
I21
gJµν = κ
2ΘJµν . (45)
and connection field equations
HT J ρ[µνφ,ρ] = 0 . (46)
are essentially unchanged compared to their general frame forms (20) and (21), while the scalar field equation (22)
becomes
−
I ′1
2I21
T J − 2G
◦

Jφ− G′gJµνφ,µφ,ν + 2K
◦
∇JµT
J
ν
νµ + κ2
I1I
′
2 − 2I1I
′
2
I31
= 0 , (47)
and hence does not contain the matter energy-momentum tensor. Note, however, that the matter energy-momentum
still acts as a source for the scalar field through the debraiding discussed at the end of section III. This can be seen
from the debraided scalar field equation (24), which reads
2
H
I1
(
1
I1
T J + 2KSJµ
µνφ,ν
)
− 4
F + 3H2
I21
◦

Jφ+
[
4K(G − 3K′)− 2
G′
I1
]
gJµνφ,µφ,ν + 2κ
2 4HI2 + I
′
2
I31
= 2κ2KΘJ . (48)
in the Jordan frame.
B. Einstein frame
We then come to the Einstein frame, which we construct following essentially the same procedure as for the Jordan
frame above, but using the conformal transformation defined by
θE a = eγ
E(φ)θa =
√
A(φ)θa , γE(φ) =
1
2
lnA(φ) . (49)
Similarly to the Jordan frame, also the Einstein frame tetrad is invariant under conformal transformations and scalar
field redefinitions of the original field variables,
θE a =
√
A(φ)θa =
√
A¯(φ)eγ(φ)θa =
√
A¯(φ)θ¯a = θ¯E a . (50)
Using the transformation rules (30) and the invariant quantities defined in section V, we find that the parameter
functions in the Einstein frame in terms of invariants are given by
AE = 1 , BE = 2F , CE = 2H , VE = I2 , α
E =
1
2
ln I1 . (51)
In this case the action takes the form
SE
[
θE a,
•
ωab, φ, χ
I
]
=
1
2κ2
∫
M
[
−TE + 4F(φ)XE + 4H(φ)Y E − 2κ2I2(φ)
]
θEd4x+ SJm
[√
I1(φ)θ
E a, χI
]
. (52)
Also in this case we add a few remarks. First, note that we have expressed the matter part of the action through
the Jordan frame action functional SJm. This is necessary in order to implement the particular relation between
the dependences of the action on the tetrad and the scalar field imposed by the structure of the action (12). We
also see that in this case the matter action carries an explicit dependence on the scalar field, in addition to the
implicit dependence incurred from the Einstein frame tetrad. In contrast, the scalar field does not appear in the term
involving the torsion scalar TE. This is the characteristic property of the Einstein frame if one follows the analogy to
scalar-tensor gravity, where the scalar field does not couple to the Ricci scalar
◦
RE in the Einstein frame.
We further remark that also in this case the action is uniquely defined only up to scalar field redefinitions, as is is
also the case in the Jordan frame, i.e., if we define a new action S¯E such that
S¯E
[
θE a,
•
ωab, φ¯, χ
I
]
=
1
2κ2
∫
M
[
−TE + 4F¯(φ¯)XE + 4H¯(φ¯)Y E − 2κ2I¯2(φ¯)
]
θEd4x+ SJm
[√
I¯1(φ¯)θ
E a, χI
]
, (53)
9and substitute the transformed scalar field φ¯ = f(φ), then we reproduce the original action (52) for φ, provided that
the invariant parameter functions satisfy the transformation rules (33) and (35). Also in this case the matter part SJm
of the action is invariant, since I¯1(φ¯) = I1(φ) by the definition of the invariants.
Next, we come to the field equations. We find that the symmetric tetrad field equations (20) are given by
2HSE(µν)
ρφ,ρ +
◦
REµν −
1
2
◦
REgEµν + (F − 2H
′)φ,ρφ,σg
E ρσgµν
− 2(F −H′)φ,µφ,ν + 2H
(
◦
∇Eµ
◦
∇Eν φ−
◦

EφgEµν
)
+ κ2I2g
E
µν = κ
2ΘEµν . (54)
the connection field equations (21) read
HTEρ[µνφ,ρ] = 0 . (55)
and the scalar field equation (22) takes the form
− 2F
◦

Eφ−F ′gEµνφ,µφ,ν + 2H
◦
∇
E
µT
E
ν
νµ + κ2I ′2 = κ
2α′ΘE , (56)
Finally, after debraiding we find the scalar field equation (24) in the form
2H
(
TE + 2HSEµ
µνφ,ν
)
− 4
(
F + 3H2
) ◦

Eφ+ [4H(F − 3H′)− 2F ′] gEµνφ,µφ,ν +2κ
2(4HI2 + I
′
2) = 2κ
2KI1Θ
E . (57)
From the symmetric part (54) we see an important difference between scalar-tensor and scalar-torsion theories of
gravity: in the scalar-tensor case there are no second derivatives of the scalar field in the metric field equation in the
Einstein frame, leading to a complete debraiding of the metric and scalar field equations [34]; this is not the case
for the tetrad field equations of the class of scalar-torsion theories we discuss here, since the second order derivatives
enter with a non-vanishing factor CE = 2H. Hence, the Einstein frame loses its debraiding property. One may argue
that this fact renders the name Einstein frame questionable; we will comment on this below. Our choice to define the
Einstein frame via AE = 1 is motivated simply by its analogy to scalar-tensor gravity.
C. Debraiding frame
As we have seen above, the Einstein frame in the class of scalar-torsion gravity theories we consider in this article
does not have the debraiding property that the field equations for the tetrad do not contain second derivatives of the
scalar field. However, one can see from the structure of the field equations (20) that also in this case a debraiding can
be achieved by performing a conformal transformation such that in the new frame, which we indicate by a superscript
D, the condition CD = 0 is satisfied. By comparison with the transformation rule (30c) we then find that this
conformal transformation must satisfy
γD
′
(φ) = −
C(φ)
2A(φ)
. (58)
Note that in contrast to the algebraic conditions (40) and (49) for the Jordan and Einstein frame transformations
we obtain a differential equation, which fixes γD only up to an additive constant. Hence, also the corresponding
debraiding tetrad θD a = eγ
D(φ)θa is determined only up to a constant factor. This could be fixed by the additional
constraint that γD(φ0) = γ
D
0 for some φ0, such that
γD(φ) = γD0 −
1
2
∫ φ
φ0
C(φ˜)
A(φ˜)
dφ˜ . (59)
However, this constraint would depend on the original frame, since also the frame transition function γD itself depends
on the original frame. Hence, we will not follow this route. We will discuss other choices below, which do not have
this problem.
Even without fixing the free constant factor in the definition of the debraiding tetrad θD a one can determine the
parameter functions in the debraiding frame up to a constant factor (or an additive constant in the case of αD). By
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comparison with the invariants introduced in section V and using the condition CD = 0 we find the relations(
lnAD
)′
= 2H , (60a)(
lnBD
)′
=
[
ln
(
F + 3H2
)]′
+ 2H , (60b)
C
D = 0 , (60c)(
lnVD
)′
= (ln I2)
′
+ 4H , (60d)
αD
′
= I1K . (60e)
From the last line (60e) we see that the condition αD(φ0) = α
D
0 , such that
αD(φ) = αD0 +
∫ φ
φ0
I1(φ˜)K(φ˜)dφ˜ , (61)
now uniquely fixes αD independently of the original frame, since it is expressed fully in terms of invariants. Note that
this also fixes the remaining parameter functions AD,BD,VD, since they can be expressed in terms of invariants and
αD through the definitions (32) and (34), and thus take the form
AD =
e2α
D
I1
, BD = 2
e2α
D
I1
(F + 3H2) , VD =
e4α
D
I2
I21
. (62)
Finally, it also fixes the frame transition function through γD = α − αD. Hence, this condition uniquely fixes the
debraiding frame and only leaves the freedom to redefine the scalar field. One easily checks that this definition of the
debraiding frame is now indeed independent of the original frame, since
θD a = eγ
D(φ)θa = eα(φ)−α
D(φ)θa = e−α
D(φ)θJ a , (63)
and both αD and the Jordan frame tetrad θJ a are invariants.
We are now in the position to express the action and field equations in the debraiding frame. We start with the
action, which now takes the form
SD
[
θD a,
•
ωab, φ, χ
I
]
=
1
2κ2
∫
M
{
−
e2α
D(φ)
I1(φ)
TD + 4
e2α
D(φ)
I1(φ)
[F(φ) + 3H2(φ)]XD − 2κ2
e4α
D(φ)I2(φ)
I21 (φ)
}
θDd4x
+ SJm
[
eα
D(φ)θD a, χI
]
, (64)
and hence does not contain the term Y . We remark that also in this frame one still has the freedom to redefine
the scalar field, as it is also the case in the Jordan and Einstein frames we discussed before. We then come to the
symmetric part (20) of the tetrad field equations, which reads
2HSD(µν)
ρφ,ρ +
◦
RDµν −
1
2
◦
RDgDµν + (F + 3H
2)
(
φ,ρφ,σg
D ρσgDµν − 2φ,µφ,ν
)
+ κ2
e2α
D
I2
I1
gDµν =
κ2I1
e2αD
ΘDµν . (65)
The antisymmetric part (21), which is identical to the connection field equations, becomes
HTD ρ[µνφ,ρ] = 0 . (66)
Finally, the scalar field equation (22) is given by
HTD − 2(F + 3H2)
◦

Dφ−
(
F ′ + 2FH+ 6H3 + 6HH′
)
gDµνφ,µφ,ν + κ
2 e
2αD
I1
(4I2H+ I
′
2) =
κ2I21K
e2αD
ΘD . (67)
We see that now indeed the tetrad and scalar field equations are debraided, i.e., the former contains only second
derivatives of the tetrad, while the latter contains only second derivatives of the scalar field.
We conclude our discussion of the debraiding frame with a final remark. One may argue that this frame could more
rightfully be called the Einstein frame, since the debraiding essentially turns the scalar field into another source term
for the tetrad instead of interrelating their dynamics. One could equally well argue that there is no Einstein frame,
since even in the debraiding frame the scalar field is non-minimally coupled to torsion through the term AD(φ)T in
the action. However, we will not enter this discussion here, as it is merely a question of nomenclature.
This concludes our discussion of scalar-torsion theories of gravity with a single field coupled to the tetrad and the
spin connection. It is natural to ask whether the results we obtained also apply to theories with multiple scalar fields.
This question will be explored in the following section.
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VII. GENERALIZATION TO MULTIPLE SCALAR FIELDS
In the previous sections we have considered a single scalar field in addition to the tetrad and spin connection as
the dynamical variables of the gravitational interaction. We now generalize our statements and results to multiple
scalar fields. This will be done in several steps. We define the generalized action in section VIIA, and derive the
corresponding field equations in section VIIB. Conformal transformations are discussed in section VIIC. From these
we finally derive invariants in section VIID and discuss particular conformal frames in section VII E.
A. Action
Instead of a single scalar field φ we now consider a scalar field multiplet φ = (φA, A = 1, . . . , N) of N scalar fields.
This imposes two changes to the class of scalar-torsion theories defined by the action (8) and (12). First, instead of
the single kinetic and derivative coupling terms X and Y one may now form the terms
XAB = −
1
2
gµνφA,µφ
B
,ν , Y
A = Tµ
µνφA,ν , (68)
making use of all scalar fields. Note that XAB is symmetric, X [AB] = 0. Second, the free parameter functions on the
action may now depend on all scalar fields. Hence, we generalize the action (8) such that it reads
Sg
[
θa,
•
ωab, φ
A
]
=
1
2κ2
∫
M
[
−A(φ)T + 2BAB(φ)X
AB + 2CA(φ)Y
A − 2κ2V(φ)
]
θd4x . (69)
We remark that now also the functions BAB and CA carry scalar field indices, which are contracted with the corre-
sponding indices ofXAB and Y A. Note that BAB must be symmetric, B[AB] = 0, since any antisymmetric contribution
would cancel in the contraction with the symmetric term XAB. Also in the matter action (12) the free function α,
which determines the conformally related tetrad coupled to matter, now depends on all scalar fields,
Sm[θ
a, φA, χI ] = SJm
[
eα(φ)θa, χI
]
. (70)
The particular form of the matter action now imposes a relation between the sources ϑA in the scalar field equations,
which are obtained from the variation
δSm[θ
a, φA, χI ] =
∫
M
(
Θa
µδθaµ + ϑAδφ
A +̟Iδχ
I
)
θd4x , (71)
and the energy-momentum tensor Θa
µ, which generalizes the relation (15) and reads
ϑA = α,Aθ
a
µΘa
µ . (72)
This relation will be used during the remainder of this section.
We now also see why we favored the form (8) over the equivalent form (11). A similar generalization of the latter
to multiple scalar fields would yield an action of the form
Sg
[
θa,
•
ωab, φ
A
]
=
1
2κ2
∫
M
[
−A(φ)T + 2BAB(φ)X
AB − C˜(φ)B − 2κ2V(φ)
]
θd4x , (73)
which is equivalent to the action (69) (up to a boundary term) only if CA = C˜,A, where we use the comma notation to
indicate derivatives with respect to scalar fields φA. This imposes an additional restriction on the parameter functions
CA, and in particular implies C[A,B] = 0. Here we will not make this restriction, and work with the action (69) with
arbitrary parameter functions CA.
B. Field equations
We can then proceed with the field equations for the multi-scalar-torsion theories. As we did in the single field case in
section III, we omit their derivation here, since the action (69) is a special case of the more general multi-scalar-torsion
generalization of the L(T,X, Y, φ) class of theories [32], where the Lagrangian is given by
L =
1
2κ2
[
−A(φ)T + 2BAB(φ)X
AB + 2CA(φ)Y
A
]
− V(φ) . (74)
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Hence, we can make use of the field equations derived for this more general theory, together with the variational
derivatives
LT = −
A
2κ2
, LXAB =
BAB
κ2
, LY A =
CA
κ2
, LφA =
1
2κ2
[
−A,AT + 2BBC,AX
BC + 2CB,AY
B
]
− V,A . (75)
Here we restrict ourselves to displaying the final form of the field equation as given in section III. For the symmetric
part (20) we find
(A,A + CA)S(µν)
ρφA,ρ +A
(
◦
Rµν −
1
2
◦
Rgµν
)
+
(
1
2
BAB − C(A,B)
)
φA,ρφ
B
,σg
ρσgµν
−
(
BAB − C(A,B)
)
φA,µφ
B
,ν + CA
(
◦
∇µ
◦
∇νφ
A −
◦
φAgµν
)
+ κ2Vgµν = κ
2Θµν . (76)
while the antisymmetric part (21) reads
3(A,A + CA)T
ρ
[µνφ
A
,ρ] + 2C[A,B]φ
A
,µφ
B
,ν = 0 , (77)
and the scalar field equations (22) are given by
1
2
A,AT − BAB
◦
φB −
(
BAB,C −
1
2
BBC,A
)
gµνφB,µφ
C
,ν + CA
◦
∇µTν
νµ + 2C[A,B]Tµ
µνφB,ν + κ
2
V,A = κ
2α,AΘ . (78)
Note the appearance of a few additional terms containing C[A,B], which do not appear in the single field case detailed
in section III, since they vanish due to the antisymmetrization brackets, and which would also vanish if we used the
action (73). Finally, we may also perform a debraiding of the scalar field equations, i.e., remove the second order
derivatives of the tetrad by adding a suitable multiple of the trace
− 2 (A,A + CA)Tµ
µνφA,ν −A
◦
R+ (BAB − 3CA,B) g
µνφA,µφ
B
,ν − 3CA
◦
φA + 4κ2V = κ2Θ . (79)
The resulting field equations then take the form
A(A,A + CA)T +
[
4AC[A,B] − 2CA(A,B + CB)
]
Tµ
µνφB,ν − (2ABAB + 3CACB)
◦
φB
+ (CABBC − 2ABAB,C +ABBC,A − 3CACB,C)g
µνφB,µφ
C
,ν + 2κ
2(AV,A + 2CAV) = κ
2(2AαA + CA)Θ . (80)
One may pose the question whether also the second derivatives of the scalar field can be removed from the tetrad
field equations (76) in a suitable frame; we will see in section VIIC that this is not always possible.
C. Conformal transformations
Turning our attention to conformal transformations, we see that also the action (69) and (70) retains its form under
conformal transformations and scalar field redefinitions given by
θ¯aµ = e
γ(φ)θaµ , e¯a
µ = e−γ(φ)ea
µ , φ¯A = fA(φ) , (81)
in the same sense as explained in detail in section IV. In the following we will also collectively write φ¯ = f(φ) for
the scalar field redefinition. Proceeding in analogy to the calculation (27) and (28) and comparing the transformed
action to its original form, we find that the functions parametrizing the action must transform as
A = e2γA¯ , (82a)
BAB = e
2γ
(
B¯CD
∂φ¯C
∂φA
∂φ¯D
∂φB
− 6A¯γ,Aγ,B + 6C¯C
∂φ¯C
∂φ(A
γ,B)
)
, (82b)
CA = e
2γ
(
C¯B
∂φ¯B
∂φA
− 2A¯γ,A
)
, (82c)
V = e4γV¯ , (82d)
α = α¯+ γ . (82e)
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This transformation behavior generalizes the relations (30). Note that instead of the derivative f ′ we now find the
Jacobian of the function f .
Finally, we remark that also in the case of multiple scalar fields the corresponding relation (72) between the source
terms in the field equations is preserved under their conformal transformation, which is given by
Θµν = e
2γΘ¯µν , Θ = e
4γΘ¯ , ϑA = e
4γ
(
γ,AΘ¯ +
∂φ¯B
∂φA
ϑ¯B
)
, (83)
which generalizes the transformation rule (31).
D. Invariant quantities
The form of the transformations (82) motivates the definition of a number of quantities which are invariant under
conformal transformations and either invariant or covariant under redefinitions of the scalar fields, proceeding in full
analogy to the quantities defined in section V. First note that the transformation behavior (82a), (82d) and (82e)
of the functions A,V , α agrees with the single field case given by the relations (30a), (30d) and (30e). Hence, the
quantities I1 and I2 retain their invariant character, and we keep their definitions (32). For the remaining quantities,
which carry scalar field indices in the case of multiple scalar fields, we must adapt their definitions. For F and H we
extend the definitions (34) to
FAB =
2ABAB − 6A,(ACB) − 3A,AA,B
4A2
, HA =
CA +A,A
2A
, (84)
while the definitions (36) of G and K generalize to
GAB =
BAB − 6α,(ACB) − 6α,Aα,BA
2e2α
, KA =
CA + 2α,AA
2e2α
. (85)
By comparison with the transformations (82) we then see that these quantities are invariant under conformal trans-
formations, but transform covariantly under scalar field redefinitions,
F¯AB =
∂φC
∂φ¯A
∂φD
∂φ¯B
FCD , H¯A =
∂φB
∂φ¯A
HB , G¯AB =
∂φC
∂φ¯A
∂φD
∂φ¯B
GCD , K¯A =
∂φB
∂φ¯A
KB , (86)
where we again encounter the inverse Jacobian of the function f . It is worth noting that this transformation behavior
has the same form as that of tensor fields on a manifold, whose points are the values of the multiplet of scalar fields,
under general coordinate transformations. However, we will not pursue this interpretation here, as it would exceed
the scope of this article. We also remark that the quantities (84) and (85) are related to each other by
FAB = I1GAB + 3
I ′1
I1
(
I1K −
I ′1
4I1
)
, HA = I1KA −
I1,A
2I1
, (87)
which generalizes the similar relations (38).
E. Conformal frames
We finally also generalize the particular conformal frames discussed in section VI to multiple scalar fields. For the
Jordan frame shown in section VIA this is straightforward. Starting from the conformal transformation (40) we find
that the relations (42) generalize to
AJ =
1
I1
, BJAB = 2GAB , C
J
A = 2KA , V
J =
I2
I21
, αJ = 0 . (88)
Also the Einstein frame detailed in section VIB immediately generalizes. From the transformation (40) we find the
parameter functions
AE = 1 , BEAB = 2FAB , C
E
A = 2HA , V
E = I2 , α
E =
1
2
ln I1 . (89)
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Proceeding in analogy to section VI, one may now express the action shown in section VIIA and field equations shown
in section VIIB in these conformal frames. We will not explicitly display the result here, as it is essentially the same
as in the single field case and easy to derive.
The situation is qualitatively different for the debraiding frame introduced in section VIC. One can see from
the symmetric tetrad field equation (76) that the second order derivatives of the scalar fields can be removed from
the tetrad field equations in a particular “debraiding” frame D only by imposing CDA = 0. By comparison to the
transformations (82a) and (82c) we then find the condition
γD,A(φ) = −
CA(φ)
2A(φ)
, (90)
which can be satisfied only if there exists some function H˜ such that HA = H˜,A.
This concludes our general discussion of scalar-torsion and multi-scalar-torsion theories of gravity. In order to show
the applicability of our results and relate them to other works, we will provide a few examples in the following section.
VIII. EXAMPLES
We finally connect our results to a number of example theories. Note that some authors use different sign con-
ventions, in particular for the signature of the metric tensor; however, these can simply be absorbed into a suitable
redefinition of the parameter functions in the action. Here we discuss teleparallel dark energy and its generalizations
in section VIIIA, include a non-minimal coupling to the boundary term in section VIII B and come to the multi-
scalar-torsion equivalent of F (T,B) gravity theories in section VIII C. Finally, we show how our results reduce to a
number of well-known results in multi-scalar-tensor gravity in section VIIID.
A. Teleparallel dark energy and its generalizations
The first example we show is the classical teleparallel dark energy model [18]. Its action can be written in the form
Sg =
∫
M
[
−
T
2κ2
+
1
2
(
gµνφ,µφ,ν − ξφ
2T
)
− V (φ)
]
θd4x , (91)
with coupling constant ξ and potential V . By comparison with the general form (8) we find the parameter functions
A = 1 + 2κ2ξφ2 , B = −κ2 , C = 0 , V = V . (92)
One usually considers this model to be given in the Jordan frame, such that α = 0. Various generalizations of this
model has been considered:
1. Interacting dark energy [21]:
Sg =
∫
M
[
−
T
2κ2
+
1
2
(gµνφ,µφ,ν − ξF (φ)T )− V (φ)
]
θd4x , (93)
where the function A is replaced by A = 1 + 2κ2ξF (φ).
2. Brans-Dicke type action with a general coupling to torsion [19]:
Sg =
∫
M
[
−
F (φ)
2κ2
T − ωgµνφ,µφ,ν − V (φ)
]
θd4x , (94)
where A = F (φ) and B = 2κ2ω.
3. Brans-Dicke type action with a dynamical kinetic term [23]:
Sg =
∫
M
[
−
φ
2κ2
T −
ω(φ)
φ
gµνφ,µφ,ν − V (φ)
]
θd4x , (95)
where A = φ and B = 2κ2ω(φ)/φ.
Note that all these models satisfy K = 0, and so are considered minimally coupled according to our convention, despite
their non-minimal coupling between the scalar field and the torsion scalar. This is due to the fact that this type of
coupling does not introduce the trace Θ of the energy-momentum tensor as a source into the debraided scalar field
equation (24).
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B. Non-minimal coupling to the boundary term
In addition to the torsion scalar, as in the original teleparallel dark energy model [18] discussed above, one may also
include a similar type of coupling to the boundary term B =
◦
R+T = 2
◦
∇µT
µν
ν . The corresponding action functional
reads [39]
Sg =
∫
M
[
−
T
2κ2
+
1
2
(
gµνφ,µφ,ν − ξφ
2T − χφ2B
)
− V (φ)
]
θd4x (96)
with constants ξ, χ and a general potential V . We see that this action is of the form (11), with parameter functions
given by
A = 1 + 2κ2ξφ2 , B = −κ2 , C˜ = 2κ2χφ2 , V = V . (97)
It follows that the action may be brought to the form (8) by integration by parts, where the remaining parameter
functions becomes
C = C˜′ = 4κ2χφ . (98)
Note that for ξ + χ = 0 the action reduces to scalar-tensor gravity with a non-minimally coupled scalar field, while
for χ = 0 one obtains the teleparallel dark energy model [18] shown in section VIIIA. Also in this case one usually
considers α = 0. We further remark that also more general models with multiple scalar fields coupled to the boundary
term are considered, which may similarly be written in the form (73) [40].
C. Scalar-torsion equivalent of F (T,B) gravity
A more general action involving the boundary term B is given by F (T,B) gravity and reads [33]
Sg =
1
2κ2
∫
M
F (T,B)θd4x . (99)
In order to bring it to the form (11) one introduces two auxiliary scalar fields φ1,2, and replaces the arguments of F
with these fields. Enforcing φ1 = T and φ2 = B via Lagrange multipliers and eliminating the Lagrange multipliers
from the action one obtains
Sg =
1
2κ2
∫
M
[
F (1,0)(φ)T + F (0,1)(φ)B + F (φ)− φ1F
(1,0)(φ)− φ2F
(0,1)(φ)
]
θd4x . (100)
Comparison with the action (11) yields the parameter functions
A = −F (1,0) , B = 0 , C˜ = −F (0,1) , V =
1
2κ2
(
φ1F
(1,0) + φ2F
(0,1) − F
)
. (101)
Again we can integrate by parts to bring the action to the form (8), and finally obtain
C1 = −F
(1,1) , C2 = −F
(0,2) . (102)
We also remark that in the case that F does not depend on its second argument the scalar field φ2 drops out, and
the action reduces to the scalar-torsion equivalent of F (T ) gravity [19].
D. (Multi-)scalar-tensor gravity
We finally discuss a special case for the function C, which is given by the relation C = −A′, and which can invariantly
be formulated as H = 0. In this case the terms containing T and Y in the action (8) can be combined,
−AT − 2A′Y = −AT − 2∂µATν
νµ = A
(
2
◦
∇µTν
νµ − T
)
− 2
◦
∇µ (ATν
νµ) = A
◦
R − 2
◦
∇µ (ATν
νµ) . (103)
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It follows that up to a boundary term, which we neglect here, the gravitational part of the action reduces to the
well-known scalar-tensor gravity action [3]
Sg
[
θa,
•
ωab, φ
]
=
1
2κ2
∫
M
[
A(φ)
◦
R + 2B(φ)X − 2κ2V(φ)
]
θd4x . (104)
This becomes apparent also at the level of the field equations. In the symmetric field equation (20) the terms involving
the superpotential cancel, and the remaining terms take the usual form
A
(
◦
Rµν −
1
2
◦
Rgµν
)
+
(
1
2
B +A′′
)
φ,ρφ,σg
ρσgµν
− (B +A′′)φ,µφ,ν −A
′
(
◦
∇µ
◦
∇νφ−
◦
φgµν
)
+ κ2Vgµν = κ
2Θµν . (105)
The connection field equations (21) are identically satisfied, since the action (104) is independent of the spin connection.
Finally, also the scalar field equation (22) reduces to its well-known scalar-tensor form, which reads
−
1
2
A′
•
R− B
◦
φ−
1
2
B′gµνφ,µφ,ν + κ
2V ′ = κ2α′Θ . (106)
We finally remark that in this case also the invariant quantities introduced in section V reduce to their scalar-tensor
counterparts [12].
One easily checks that also the multi-scalar-torsion action (69) allows for a similar choice of the parameter functions,
which is given by the condition CA = −A,A and thus generalizes the scalar-tensor condition discussed above. In terms
of invariants this condition is expressed as HA = 0. In this case the action reduces in a similar fashion as the
action (104) and now becomes
Sg
[
θa,
•
ωab, φ
A
]
=
1
2κ2
∫
M
[
A(φ)
◦
R + 2BAB(φ)X
AB − 2κ2V(φ)
]
θd4x . (107)
From this one recognizes the action functional of multi-scalar-tensor gravity [41, 42], with metric field equation given
by
A
(
◦
Rµν −
1
2
◦
Rgµν
)
+
(
1
2
BAB +A,AB
)
φA,ρφ
B
,σg
ρσgµν
− (BAB +A,AB)φ
A
,µφ
B
,ν −A,A
(
◦
∇µ
◦
∇νφ
A −
◦
φAgµν
)
+ κ2Vgµν = κ
2Θµν , (108)
while the scalar field equation reduces to
−
1
2
AA
•
R − BAB
◦
φB −
(
BAB,C −
1
2
BBC,A
)
gµνφB,µφ
C
,ν + κ
2V,A = κ
2α,AΘ . (109)
Finally, one finds that the invariants introduced in section V reduce to their multi-scalar-tensor expressions [13]. We
also remark that the invariant KA reduces to the vector of non-minimal coupling defined in [43].
This concludes our discussion of example theories. We have seen that the framework we developed in this article
has a wide range of possible future applications, and that it reduces to the known calculations in (multi)-scalar-tensor
for a suitably chosen class of actions.
IX. CONCLUSION
In this article we have discussed a class of teleparallel scalar-torsion theories of gravity defined by five free functions
of the scalar field, whose action has a similar structure to that of scalar-tensor gravity. We have studied their
field equations and behavior under conformal transformations of the tetrad, as well as redefinitions of the scalar
field. In particular, we have shown that such transformations relate different theories of this class, defined by a
set of transformed parameter functions, to each other. As one of the main results we have derived a number of
functions of the scalar field, which are composed from the free functions in the action, and which are either invariant
or transform covariantly under these transformations. Further, we have discussed different conformal frames, and
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obtained conditions for minimally coupling of the scalar field and for separating the highest order derivatives in the
field equations. We also generalized our results to multiple scalar fields.
The framework of invariants we developed generalizes the formerly developed framework of invariants in scalar-
tensor and multi-scalar-tensor gravity theories [12, 13]. It allows to easily translate the action and field equations
of any scalar-torsion theory of gravity, defined in an arbitrary frame, to any other frame, and in particular to the
Jordan and Einstein frames known from scalar-tensor gravity. We have also shown that our framework reduces to
the (multi-)scalar-tensor framework of invariants in the case that one of the scalar-torsion invariants vanishes. We
expect this framework to be of the same use in describing phenomenological aspects of scalar-torsion gravity in a
frame independent fashion, as it is also the case for its scalar-tensor counterpart [35–37].
As another interesting result we have shown that a naively defined Einstein frame, in which there is no direct
coupling between the scalar field and the torsion scalar, does not lead to a “debraiding” of the field equations as it
is the case in scalar-tensor theories [34]. Instead, debraiding is achieved in a different class of frames, in which the
coefficient of the kinetic coupling term of the scalar field vanishes, and which is defined only up to a free parameter.
We also demonstrated that in the case of multiple scalar fields such a frame choice is possible only for a restricted
class of actions.
Our results invite for a number of further studies of the class of theories we discussed. From the phenomenological
point of view, observational properties such as the post-Newtonian limit, speed and polarisations of gravitational waves
or cosmological parameters may be determined for a generic scalar-torsion action, in analogy to a similar treatment
of scalar-tensor gravity. By comparison with observations this would yield constraints on the free functions in the
action. Further, foundational aspects of this class of theories may be studied, such as the number of degrees of freedom
of the presence of energy conditions. We finally remark that an analogous discussion of conformal transformations,
invariants and frames should also be possible for a similar class of theories in which the scalar field is non-minimally
coupled to nonmetricity instead of torsion [44].
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